The approach to model autocorrelation functions of real-traffic traces in communication networks is presented based on optimal approximation in Hilbert space. The verifications are carried out with the realtraffic traces.
Introduction
A teletraffic (traffic for short) trace xðtÞ in communication networks is a random sequence, indicating the packet count (i.e., number of packets at t). In packet switching networks, many source types are sharing the same network resources, for instance, video, file transfer protocol (FTP), Telnet, World Wide Web (WWW). Thus, to establish its statistical model is important for the design and analysis of network systems. Traditionally, Poisson assumption has been used for modeling traffic in packet switching networks [1] . However, recent experimental researches have shown that the behaviors of the traffic on local-area networks and wide-area networks do not conform to Poisson assumption [2] , instead, they are well modeled by second-order self-similar processes with long-range dependence (LRD for short) [3] .
Throughout the paper, the term of self-similar processes (traffic) means second-order selfsimilar processes (traffic) with LRD unless otherwise stated. Because autocorrelation functions (ACFs for short) play an important role in stochastic processes [4, 5] and can be used to study queuing systems in communication networks practically [6] , it is significant to study how to find a function that best fits the target autocorrelation sequence of a real-traffic trace under a certain criterion. This is an issue of traffic modeling with ACFs. A key characteristic of self-similar processes is its LRD. A process is of LRD when its ACF is nonsummable in the domain of conventional functions and decays hyperbolically [5] . Traditionally, ACFs of self-similar processes are characterized by a single parameter H , e.g., rðkÞ $ ck 2H À2 ðk ! 1Þ, H 2 ð0:5; 1Þ, where c > 0 is a constant [2, 3, 5] . Hence, the estimation of H is paid attention to for modeling ACFs of real-traffic traces. In this aspect, many methods have been discussed [5, [7] [8] [9] [10] [11] [12] [13] . However, the various estimation methods might yield different values of H s substantially for the same trace as remarked in [14, Section XIII] . Consequently, the different values of H s result in different shapes of ACF for the same trace. This makes it difficult to use ACFs to model real-traffic traces. Hence, an optimal representation of ACFs under a certain criterion is desirable and optimal approximation is well worth discussing.
Mathematically speaking, optimally modeling ACFs of real-traffic traces can be abstracted as follows; for a given rðkÞ which represents an autocorrelation sequence of a real-traffic trace, to find a functionr rðkÞ which best fits it in the sense of kr Àr rk ¼ min. This is an issue of optimal approximation in regard to traffic modeling with ACFs. The issue can be further detailed as the solutions for the following problems.
(1) Does this optimal approximation exist? (2) If it does, will it be unique? (3) If it is unique, how to obtain the optimal solution?
As it is known that second-order self-similar processes are classified into two classes; exactly second-order self-similar processes and asymptotically second-order self-similar processes [18, 19] . Let E be the set containing ACFs of exactly second-order self-similar processes and A be the set containing ACFs ð6 2 EÞ of asymptotically second-order self-similar processes. Then, E [ A ¼ S is the set containing ACFs of second-order self-similar processes. Construct a Hilbert space l 2 N containing all ACFs, including ACFs of real-traffic traces. Hence S ¼ E [ A l 2 N . Thus, the solutions for the above first two problems can be solved in Hilbert space [17] . For the solution of the third, we use mean square error as a criterion to determine to which subset, E l The paper is organized as following. Section 2 discusses the related spaces. Section 3 proves the existence and uniqueness of optimal approximation of ACFs of real-traffic traces. Section 4 gives our approach to model ACFs of real-traffic traces. Verifications are given in Section 5. Finally, Section 6 concludes the paper.
Spaces E, A, S and l

N
As mentioned in Section 1, we want to find a functionr rðkÞ which best fits rðkÞ in the sense of kr Àr rk ¼ min, where rðkÞ indicates an autocorrelation sequence of a real-traffic trace (target ACF). To achieve this, we have to analyze the related spaces in which the optimal approximations are performed. Preliminaries are given below so as to facilitate the discussion.
Preliminaries
Let X ¼ ðX t : t ¼ 1; 2 And P5 is met when X is a short-range dependent process [5] . P5: P k rðkÞ < 1. Although specific real-traffic traces for specific sites last for a finite duration of time, the function structure of ACFs should meet P1, P2, P3 and P4 when they are of LRD.
Let R be the set of real numbers, f ðxÞ and gðxÞ be functions defined on R and c be a limit in R. We say that f ðxÞ is asymptotically equivalent to g(x) under the limit x ! c if f ðxÞ and gðxÞ are such that lim x!c ðf ðxÞ=gðxÞÞ ¼ 1 [16] . We write f ðxÞ $ gðxÞðx ! cÞ if lim Let H be a linear space on which an inner product has been defined, with a norm derived from inner product and which is complete in this norm. Then, H is called Hilbert space [17] .
Examples of Hilbert spaces:
N is a Hilbert space with inner product
1 is a Hilbert space with inner product
is a Hilbert space with inner product hx; yi ¼ R I xðtÞyðtÞ dt, where the functions x, y are defined and integrable on a domain I.
Space E and ACFs of exactly second-order self-similar processes
Definition 2.1. [18, 19] : A process X is called exactly second-order self-similar with parameter H 2 ð0:5; 1Þ, if its normalized ACF is
where I is the set of integers.
It can be easily verified that rðkÞ of (2.5) satisfies P1, P2, P3 and P4. Define the set E as
Then, ACFs of exactly second-order self-similar processes are elements of E. where c > 0 is a constant.
Space
A slight generalization of definition may be obtained by replacing the constant c with slowly varying functions [5, 18, 19] . However, ''for most practical purposes, this generalization is not needed'' [5, p. 42] . Therefore, throughout the paper, we define the following set A for asymptotically second-order self-similar traffic without considering the generalization mentioned:
A ¼ fr; rðkÞ $ ck 2H À2 ðk ! 1Þg: ð2:8Þ Definition 2.3 reveals the asymptotic behavior of ACFs under the limit k ! 1. These ACFs for any fixed lag are not specified. Hence, we use the following statement to construct the function structure for fixed lag. Thus, the ACFs of asymptotically self-second self-similar processes for fixed lag are specified for most practical purposes.
Space S and ACFs of second-order self-similar processes
Second-order self-similar processes are classified into two sets expressed by (2.6) and (2.12) respectively. Let S be the set for ACFs of second-order self-similar processes. Then,
ð2:13Þ
All ACFs belonging to S are characterized by a single parameter H. Emphasis is given below to the parameter H :
Clearly, S is closed and convex. In fact, 8r 2 S, an ACF is continuous at H and S contains all its limit points. In addition, 8r 1 ; r 2 2 S, there exist k P 0, l P 0 and k þ l ¼ 1 such that kr 1 þ lr 2 2 S.
Space l 2 N
As for real-traffic traces, any concerned trace is a sequence with finite length. Besides, its length is finite when practical numerical computation is performed. Accordingly, without losing generality, the maximum possible length of x is assumed as p. Let N be a positive integer that is much greater than p, for instance, p=N ¼ 10 À302 . Hence, N is ''infinite'' in the engineering sense. Define the norm of r as inner product Therefore, the issue mentioned in Section 1 can be detailed like this. For a given r 2 l 2 N which indicates an autocorrelation sequence of a real-traffic trace, find ar r 2 S such that kr Àr rk ¼ min. The following section discusses the issue in regard to the existence and uniqueness of such an optimal approximation.
Existence and uniqueness
Because an ACF of any real-traffic trace is an element of l 2 N and S is a closed convex subset of l 2 N , the existence and uniqueness are assured by the Theorem 3.1 below. To prove the Theorem 3.1, we need the Lemma 3.1. Then, M is convex as 8e 1 ; e 2 2 M,
Define the functional of e as
F ðeÞ ¼ kek: ð3:6Þ
Then, F is convex since 8e 1 ; e 2 2 M and k 2 ½0; 1 the following holds
Therefore, the optimal approximation of r can be obtained beloŵ r r ¼ argminF ðeÞ; r 2 l 2 N ;r r 2 S: ð3:8Þ
Approach to obtaining optimal approximation
To obtain the optimal approximation, it is necessary to obtain the solution for optimal parameter b H H o . In fact, b H H o can be obtained recursively. According to the Theorem 3.1, the optimal ACF of a real-traffic trace may be obtained in either E or A. Therefore, denote the norm of error as kek 2 ¼ kr rðk; H Þ À rðkÞk 2 , where 
ð4:5Þ
We say qðkÞ is the normalized ACF of rðkÞ if qðkÞ ¼ rðkÞ=rð0Þ. Let rð0Þ ¼ 1. Then, we still use the symbol rðkÞ to express a normalized ACF. For the optimal approximations of ACFs, normalized ACFs are considered without losing generality. According to (3.8), (4.1)-(4.5), a case of the optimal approximation of rðkÞ is expressed aŝ
H H 2 o Þ is the one in A.
Model verifications
Four real-traffic traces from Bellcore [15] are well known [2, 3, 8, 9] . We use the file names as they are in the readme.html of [15] . They are pAug.TL, pOct.TL, Octext.TL and OctExt4.TL respectively. In the following examples, the subscript ess indicates exactly second-order self-similar and ass means asymptotically second-order self-similar. 
Remarks
• The existence and uniqueness of optimal approximation is demonstrated by the examples.
• The optimal approximations for the above examples are in the sense of Eq. (4.6) (least mean square) for the second-order self-similar processes with long-range dependence.
• Four modeled ACFs, Eqs. (5.5), (5.9), (5.13) and (5.17), decay hyperbolically and nonsummable. Hence, the long-range dependence of traffic in communication networks is further verified in the viewpoint of optimal approximation.
Conclusions
As the second-order self-similar processes are classified into two classes, we constructed the set E for ACFs of exactly second-order self-similar processes, A for ACFs of asymptotically secondorder self-similar processes and S ¼ E [ A for ACFs of second-order self-similar processes. We also constructed a Hilbert space l 2 N containing all ACFs, including ACFs of real-traffic traces. Then, we proved that there exists a unique optimal approximation in S for the target ACF of a real-traffic trace in l 2 N . The method of obtaining approximation is presented. Since the optimal approximation may be obtained in either E or A, we introduced mean square error as a criterion to make decision. Verifications are carried out with four real-traffic traces. The nature of longrange dependence is further verified from the point of view of optimal approximation in Hilbert space.
